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Abstract—This paper studies the Bayesian regret of the
Thompson Sampling algorithm for bandit problems, building
on the information-theoretic framework introduced by Russo
and Van Roy [1]]. Specifically, it extends the rate-distortion
analysis of Dong and Van Roy [2], which provides near-optimal
bounds for linear bandits. A key limitation of these results is the
assumption of a finite action space. We address this by extending
the analysis to settings with infinite and continuous action spaces.
Additionally, we specialize our results to bandit problems with
expected rewards that are Lipschitz continuous with respect to
the action space, deriving a regret bound that explicitly accounts
for the complexity of the action space.

Index Terms—multi-armed bandit, logistic bandit, Thompson
Sampling, information theory, regret bounds, online optimization.

I. INTRODUCTION

Bandit problems are a class of sequential decision-making
problems where agents interact with an unknown environment
by selecting actions and receiving rewards in return. The
agent’s objective is to maximize its expected cumulative
reward, which is the expected sum of rewards obtained during
its interaction with the environment. This requires balancing
exploration—trying different actions to gather information for
future rewards—with exploitation, where the agent leverages
known actions to maximize its immediate gain. Bandit
problems have attracted significant attention due to their wide
range of applications in fields such as healthcare, finance,
recommender systems, and telecommunications (see [3|] for
a survey on various applications). The theoretical evaluation
of an algorithm’s performance in bandit problems is typically
done by studying the expected regret, which measures the gap
between the cumulative reward earned by the algorithm and
the reward an oracle would achieve by always selecting the
optimal action [4]-[11]. One effective method for achieving
small regret is the Thompson Sampling (TS) algorithm [12],
which, despite its simplicity, has demonstrated remarkable
performance [5} (13| [14].

Studying the Thompson Sampling regret, Russo and Van
Roy [1] introduced the concept of information ratio. This
statistic captures the trade-off between achieving immediate
low regret and gaining information about the optimal action.
Using this concept, they provide a general upper bound that
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depends on the prior entropy of the optimal action H(A*). A
limitation of this result is that the prior entropy of the optimal
action can grow arbitrarily large with the number of actions
or get infinite if the action space is continuous. Combining
the previous techniques with a rate-distortion analysis, Dong
and Van Roy [2] were able to control the regret of Thompson
Sampling via the entropy of a statistic of the parameter O.
This approach provides Bayesian regret bounds that remain
sharp with large action spaces. In particular, they derived a
near-optimal regret rate of O(dy/T logT) for d-dimensional
linear bandit problems. However, their results are limited to
bandit problems with finite action and environment space.

In this work, we extend the results of [2] to settings with
infinite and continuous action and parameter spaces. For bandit
problems where the expected rewards are Lipschitz continuous
with respect to a metric action space, we derive a regret bound
that explicitly depends on the complexity of the action space.

II. PRELIMINARIES
A. General Notation

We denote random variables by capital letters (e.g., X),
their specific realizations by lowercase letters (e.g., x), and
their outcome spaces using calligraphic notation (e.g., X’). The
distribution of a random variable X is represented as Px.

B. Problem setup

We consider a sequential decision-making problem where,
at each time step t € 1,...,7, an agent interacts with the
environment by selecting an action A; € A from a set of
available actions 4. Based on the chosen action, the agent
receives a real-valued reward R; € R. The action-reward
pair (A, R;) is then added to the history, updating it to
H' = H'U{A,, R;}, which will be available for decision-
making in the next round. This process continues until t = T'.

In the Bayesian framework, the environment is characterized
by a parameter § € O, which is unknown to the agent and
drawn from a known prior distribution Pg. Together with the
reward distribution IPr| 4,¢, this prior fully defines the bandit
problem. Since the reward depends on the chosen action and
the parameters, it can be expressed as R; = R(A;,©) for
some possibly random function R: A x O — R.



The goal of the agent is to select actions that maximize
the total accumulated reward. Specifically, the agent aims to
learn a policy m = {m : H' — A}L, that, at each time
t € {1,...,T}, selects an action A; based on the history H*.
The objective is to find a policy that maximize the expected
cumulative reward Rr(n) :=E {Zle R(m(H?), @)]

If the agent had access to the parameter O, it could
always select the action that maximizes the expected re-
ward defined by the mapping 7, : O — A as m(0) =
argmax, . 4E[R(a,0)]. We refer to such an action as the
optimal action A* = m,(0). To ensure such a policy exists,
we make the technical assumption that the set of actions A
is compact. Following [15]], we assume that there exists a
mapping 7y is one-to-on

We evaluate the performance of a policy 7 with its Bayesian
regret, defined as:

T

B |2 R

E[Regret(T R(A:,©)],

where the actions A; are selected by the policy =, and
the expectation is taken over the randomness of the action
selection, the reward distribution, and the distribution of ©.

C. Thompson Sampling algorithm

Thompson Sampling is an efficient algorithm for solving
bandit problems. It works by selecting actions randomly based
on their posterior probability of being optimal. Specifically, at
each time step t € {1,...,T'}, the agent samples a parameter
estimate (:)t from the posterior distribution, conditioned on the
history H*. The agent then selects the action that is optimal
for the sampled parameter, A; = Tl'*(ét), receives a reward
R;, and updates the history to H'™!' = H' U {A,, R;}. The
pseudocode for Thompson Sampling is given in Algorithm [1}

Algorithm 1 Thompson Sampling algorithm

1: Input: parameter prior Pg.
2: fort=1to T do .
Sample a parameter estimate ©; ~ Pg)p:.

3

4:  Take the corresponding optimal action A; = 7, (Oy).
5: Collect the reward R; = R(A;,©).

6:  Update the history H'™t = H' U {A;, Ry}

7: end for

D. Notations Specific to Bandit Problems

Since the o-algebras of the history are often used in
conditioning, we introduce the notations E;[-] := E[-|H?] and
P[] := P[|H!] to denote the conditional expectation and
probability given H'. Additionally, we define I;(A*; R;|A;) ==

'Note that Thompson Sampling disregards actions that are not optimal
for any parameter. If a particular action is optimal for several parameters,
we can include duplicate versions in the action set to ensure a one-to-one
correspondence between each parameter and its optimal action (and similarly
if a particular parameter is optimal for several actions).

E¢[DkL(Pg,|at 4%, 4, |Pr, |t ,4,)] as the disintegrated condi-
tional mutual information between the optimal action A* and
the reward R; conditioned on action Ay, given the history H®.

III. INFORMATION RATIO AND COMPRESSED TS

In their analysis of Thompson Sampling for bandit prob-
lems, Russo and Van Roy [1] introduced an important quantity,
the information ratio defined as the following random variable:

E[R(A*, ©) — R(A;, ©)”
It(A*; R(At, @), At)

This ratio measures the trade-off between minimizing the
current squared regret and gathering information about the
optimal action. In other words, a small information ratio
implies that any significant regret has been compensated by
a substantial gain in information about the optimal action.

(A% Ay) =

Russo and Van Roy use this concept to provide a general
regret bound of /I" - T - H(A*), which depends on the time
horizon T', the entropy of the prior distribution of A*, and
an algorithm- and problem-dependent upper bound I' on the
average expected information ratio [1, Proposition 1]. A limi-
tation of this approach is that the prior entropy of the optimal
action, H(A*), can grow arbitrarily large with the number
of actions or get infinite if the action space is continuous.
Dong and Van Roy [2] extended this analysis by controlling
the regret of the Thompson Sampling through the regret of
an approximate learning they refer to as one-step compressed
Thompson Sampling. Under a continuity assumption of the
expected reward with respect to the action space, they upper
bound the regret via a compressed statistic ©. of the parameter
O, along with the information ratio of the one-step compressed
Thompson Sampling defined as

Ei[R(m.(0}),0) — R(7,(6y),0)]?
1,(6F; R(m.(©¢),0),6,) .

f‘t(@:a ("‘)t) =

for some carefully crafted variables (:)2‘ and ©, which depend
respectively on O, aAnd O+ (a statistic corresponding to the
parameter estimate ©,). The resulting bound is of the form
e-T ++/T-T-H(O.) where T is a problem dependent
upper bound on the average expected ft(éf ,(:)t) and ¢
is a parameter that controls the quantization of ©.. For
d-dimensional linear bandit, they show I' < d/2 in [2|
Proposition 3] and after optimizing over the choice of ¢ they
derive a near-optimal regret rate of O(dv/T logT).

Howeyver, those results do not hold for infinite or continuous
action and parameter spaces, as the proof techniques for
constructing the one-step compressed Thompson Sampling
variables @* and ©, [2, Proposition 2] specifically require
a finite parameter space or finite action support. We address
this limitation in Section and, to simplify the exposure of
the results, we adapt their construction such that it depends on
a statistic AX of the optimal action A* instead of a statistic
O, of the parameter O.



IV. MAIN RESULTS

In this section, we explain how we extend the results of
Dong and Van Roy [2]] to continuous and infinite parameter
spaces. We then apply the regret bound to linear bandits. To
simplify the expressions, we will use the notation R(A;) as a
shorthand for R( A, ©).

We begin by adapting their construction of a one-step
compressed Thompson Sampling such that it depends on a
statistic A7 of the optimal action A* and a corresponding
carefully crafted action sampling function ¢, : A — A, such
that A* == ¢,(A*), for each round ¢t € {1,...,T}. Similar
to [2, Proposition 2], this statistic and sampling functions
are designed to simultaneously satisfy the following three
requirements:

(i) The statistic AY is less informative than A*, that is,
H(Ar) < H(A®).

(ii) At each round ¢t € {1,...,T}, the one-step compressed
Thompson Sampling regret is “c-close” to the Thompson
Sampling regret.

(iii) For each time step ¢t € {1,...,T}, the one-step com-
pressed Thompson Sampling regret can be bounded using
the information gained about the statistic AZX. At the
same time, it reveals no more information about A7 than
Thompson Sampling.

Following [2], we construct a partition of {Ak}le of
A such that for each k = 1,..., K, for all a,a’ € Ay,
E[R(a,7;1(a)) — R(a’, 77 (a))] < e. We define the statistic
A} as the random variable recording the partition of A*:

Al =k < A* € A;. (D

To prove the existence of a one-step compressed Thompson
Sampling satisfying requirements and [(i11)] we intro-
duce Proposition [T}

Proposition 1. Consider a space A, two functions f : A —
Ry and g : A — Ry, and a probability distribution Q on A.
Then, there exists a pair (ay,az2) € A? and a q € [0, 1] such
that

af(ar) + (1 - ) f(az) < / (@)

and

g9(ar) + (1 — q)glaz) < / _ 9(@)d0(a).

Proof. Let F = [,_, f(a)dQ(a) and G = [ _, g(a)dQ(a).
Now, consider the spaces A; = {a € A : f(a) < F} and
A, ={a € A:gla) < G}. If Ay N A, # 0, then taking
both a; and as from Ay N A, trivially satisfies the conditions
for all ¢ € [0,1]. Therefore, let us assume that the sets are
disjoint for the rest of the proof.

Consider some a1 € Ay = A7 and some a2 € A, = Ajc.
We can rewrite the required condition from the lemma as

flas) — F N G — g(a»)
92 Fay) — fay ™ TS gl - glan)’

where the first inequality took into account that f(a1) < f(az)
by the definition of the sets Ay and A, = A$. This inequality
can, in turn, be written as

flas) — F
Flaz) — flan) =

which is equivalent to

flaz)g(ar)—F(g(a1)—g(az)) <G (f(az)—f(a1))+f(a1)g(asz).

At this point, we have all the ingredients to prove the
statement by contradiction. Assume that there is no pair
(a1,a2) € Ay x A, such that the condition holds, then

flaz)g(ar)—F (g(a1)—g(a2))>G(f(az2)—f(a1))+f(a1)g(az)

for every pair (a1,az2) € Ay x A,. Therefore, we can integrate
over all such pairs, and the inequality should still hold, namely

/Af/ [ )—F(g(a1)— (@))]d@(aﬂd@(ag)
>/Af /Ag {é f(a2)—f(a1))+f(a1)g(az)}d@(al)d@(ag).

We must introduce some notation to show that the above
inequality cannot happen. Let F~ = [ A, f(a)dQ(a) and

fA a) and note that F™ + F’ = F.
S1m11ar]y, = fA Q(a) and Gt = fA )dQ(a)
and Gt + G~ =G. Usmg thls notation, we can use Fublm S

theorem and rewrite the above inequality as
FrGt—(F 4+ F )Gt -G )>(GT+G ) (FT—F )+F~ G~

which can be simplified to F~G~ > FTGT and which
is impossible by the definition of F—, F*, Gt and G,
completing the contradiction and therefore the proof. O

G — g(az)
g(ar) — g(az)

Equipped with Proposition[I] we can now extend [2, Propo-
sition 2] to infinite and continuous action space.

Proposition 2. Ler A% be defined as in (I). For each time

step t € {1,...,T}, there exists a of random functions ¢;
that satisfies the following:

1) ER(A*) — R(Ay)] < e+ E([R(A}) — R(A; .

2) Lt ( s A, R(Ay, a)) <L ( s AL R )

where we set At = ¢+(A¥) and At e = ¢t(At c), and where
At ¢ Is the statistic corresponding to At, thus A% and At . are
identically distributed conditioned on H*.

Proof. The proof follows the technique from [2, Proof of
Proposition 2] closely with the key difference that we
use Proposition E] instead of [2, Lemma 1]. O

Adjusting to our construction of one-step compressed TS
based on A}, we adapt the definition of information ratio as

E/[R(A},©) — R(A,., 0)
(4255 A, R(AL) )

We can now state and prove our main theorem.

Ti(Af, A L) =




Theorem 1. Let AY be defined as in (I) and let A} and
flm satisfy Proposition Assume that the average ex-
pected one-step compressed TS information ratio is bounded,
+ Zthl E[T;(Af, A;.)] < T, for some T > 0. Then, the TS
cumulative regret is bounded as

E[Regret(T)] < \/TTH(A?) + €T.

Proof. The proof follows the techniques of [2, Proof of

Theorem 1]. We start the proof by upper bounding the regret

of TS by the regret of the one-step compressed TS using the
first inequality in Proposition
T

E[Regret(T)] < eT + ZE[R(A;‘) -

t=1

R(Aie). (@

We rewrite the expected regret of one-step compressed TS
using the definition of the information ratio:

E[R(A)~R(A, )] Nrt A, Ay L(AS; Az, R(AL L))

We continue using Jensen’s inequality and applying Cauchy-
Schwartz inequality:

T
@ <eT + f‘TZI(A:QAt,EyR(At,EHHt)

t=1

where in the last inequality, we used the assumption that
23:1 E[[+(Af, A;.)] < TT. Using the second inequal-
ity in Proposition summing the 7" mutual information
1(0.; R;|H®, A;) and applying the chain rule, we obtain

E[Regret(T)] < eT + \/TTI(A%; HT).

Finally, we upper bound the mutual information I(A%; H) by
the entropy H(A?) to obtain the claimed result. O

For bandit problems with expected rewards that are L-
Lipschitz with respect to a metric action space (A, p), we
can derive a regret bound from Theorem [I] that depends on a
measure of the complexity of the action space.

Corollary 1. Assume that E[R(a,0)| is L-Lipschitz with
respect to the action space (A, p) for all € O, and assume
that the average expected one-step compressed TS information
ratio is bounded, = Et VE[T4(Af, A 2)] < T, for some
I > 0. Then, the TS cumulative regret is bounded as

\/ I'Tlog(N

where N (A, p, e) is the covering number for the metric space
(A, p) at scale € > 0.

E[Regret(T (A, p,€)) + LeT,

Proof. Under the Lipschitz continuity property of the expected
rewards, we note that setting A* as the quantization of A* on
a ¢/L-net for (A, p) satisfies (I). Starting from Theorem
we upper bound the entropy H(A?) by the logarithm of the
cardinality of A¥. Choosing the ¢/L-net with the smallest
cardinality and setting € = ¢/L yields the claimed result. [

V. APPLICATION TO LINEAR BANDIT PROBLEMS

In linear bandits problems, both the actions and the en-
vironment parameter are parameterized by a feature vector,
and the associated expected reward can be written as their
inner product. Mathematically, a d-dimensional linear bandit
problem is a bandit problem with A, © C R? and such that
for all @ € A and all § € O we have

E[R(a,0)] = (a,0),

where the expectation is taken over the reward distribution.

Adapting Corollary [I]to linear bandits, we get the following.

Proposition 3. For d-linear bandit problems with rewards
bounded in [—1,1), the TS cumulative regret is bounded as

< \/2dT1og(N (A, ]| - ||2,€)) + €T

Proof. From [2, Proposition 3], we have that the average
expected one-step compressed TS information ratio is bounded
by 2d. Then, noting that linear bandits are 1-Lipschitz with
respect to (A, || - ||2) where || - ||2 is the Euclidean distance,
and applying Corollary [T] gives the claimed result. O

E[Regret(T)]

Provided that the diameter of the action space A is bounded,
we can control the covering number N (A, || -||2,¢) and get a
regret bound depending only on the dimension d and the time
horizon T'. It extends [2, Theorem 2] to general action spaces
and improves on the constant factors inside the logarithnﬂ

Corollary 2. For d-linear bandit problems with rewards
bounded in [—1,1], suppose that A C Bg4(0,1), where
B.(0,1) is the d-dimensional closed Euclidean unit ball. Then,
the TS cumulative regret is bounded as

E[Regret(T)] < 2d, | T'log (\[Jr 4\F>

Proof. The proof closely follows the technique from [2 Proof
of Theorem 2]. Starting from Proposition 3] since A C
B4(0,1) and p is the Euclidean distance, the logarithm of
the covering number is bounded by dlog(1l + 2/<)(see [16,
Proof of lemma 5.13]). By setting ¢ = d/2vT and using
properties of square roots and of logarithms, we obtain the
claimed result. O

VI. CONCLUSION

In this paper, we studied the Bayesian regret of the Thomp-
son Sampling algorithm for bandit problems. Building on the
analysis from Dong and Van Roy [2], we established bounds
on the TS expected regret that hold even for problems with
infinite and continuous action and parameter spaces. For the
linear bandit problem, our analysis recovers the near-optimal
rate of O(dy/T logT) from [2, Theorem 2] and improves the
constants terms inside the logarithm. A natural direction for
future work is to extend our results to other classes of bandit
problems, such as the “semi-bandit” feedback problem.

2In [2, Theorem 2], the expected rewards are 1/2-Lipschitz and the rewards
in [—1/2,1/2]. With the same assumptions, our bound reduces by a factor 2.
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